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ABSTRACT The average size and shape of a polymer coil confined in a slit between two parallel plates 
depends on the distance L between the plates. On the basis of numerical results, four different regimes can 
be distingubhed. For large values of L the coil is essentially unconfined. For intermediate values the coil 
orientates without being squeezed considerably. For still smaller values the coil is squeezed with a corre- 
sponding decrease in the value of the radius of gyration. A further reduction in slit width is accompanied 
by a sharp increase in the value of the radius of gyration, signaling the onset of the transition from three- 
to two-dimensional behavior. L-Dependent scaling relations are supposed to be valid in the latter regime. 
Using Monte Carlo results for self-avoiding walks on a cubic lattice, scaling predictions for the parallel 
component of the radius of gyration and the end-to-end point distance as well as for the osmotic pressure 
and the number of segments at the wall are presented and verified. 

Introduction 
The static and dynamic properties of polymer solutions 

are considerably influenced by confinement of the polymer 
chains, e.g., between two parallel walls in a slit or in a 
cylindrical pore. The effecta of confinement are of 
relevance in several applications as in size-exclusion and 
hydrodynamic chromatography,'l2 drag reduction,3$4 en- 
hanced oil  recover^,^ and stabilization of colloidal 
dispersions.H The interference between polymer coil and 
confinement is complicated by the fact that the average 
shape of a polymer coil is distinctly asymmetric, an 
asymmetry that arises from the infinite variety of irregular 
conformations the chain can assume compared to the 
number of conformations possessing any element of 
symmetry? A three-dimensional coil can best be visualized 
as a "cake of soapn, the average shape being characterized 
by the conformational average of the eigenvalues of the 
radius of gyration matrix called principal components. 
They are in descending order denoted as (AI ) , (A2)  , and 
(AS)  and are related to the mean-square radius of gyration 

(1) 
For three-dimensional self-avoiding walks (SAW) they 
satisfy '0 

(2) 
Several consequences of the interference between the 

anisotropic shape of the polymer coil and the spatial 
confinement have been discussed in previous publi- 
cations.11-13 Monte Carlo simulations of dilute polymer 
solutions in a good solvent confined between two parallel 
plates show that as a function of plate distance L the coil 
starts to orientate long before any noticeable change in 
size is observed." Actually four different regimes can be 
distinguished. In regime IV the plate distance is large 
and the system behaves essentially unconfined. A suf- 
ficient reduction in plate distance brings the system in 
regime 111, where the coil orientates with the longest and 
later also the middle principal axis parallel to the plates. 
The crossover between regimes 111 and I1 occurs when the 
coil really becomes squeezed, the onset of which is signaled 
by a decrease in the value of all three principal components 
and therefore of the radius of gyration itself. This, of 
course, cannot go on indefinitely due to the increasing 

(Rg? by 

(R,2)  = (A,) + (A,) + (A,) 

( A1):(A2):( A,) = 14.8:3.06:1 
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excluded-volume effect, and, finally, regime I is entered, 
where the value of the radius of gyration as well as of the 
largest and the middle principal components start to 
increase abruptly toward their two-dimensional value. At 
the same time, the value of the smallest principal com- 
ponent decreases sharply toward zero. It is in this last 
regime (I), where an interesting scaling behavior for various 
physical quantities might be expected and in fact has been 
proposed.14J5 

The discussion here is limited to the static properties 
of dilute solutions of polymer chains confined in a slit in 
the absence of interactions with the wall. The dynamical 
properties, notably the intrinsic viscosity, have been 
investigated as well. Interesting differences between the 
influences of the confinement on the intrinsic viscosity of 
Couette and Poiseuille flow were found.12J3 In a Couette 
flow the intrinsic viscosity drops sharply from its uncon- 
fined value at distances between the plates for which the 
coils are deformed, Le., regimes I1 and I. For a Poiseuille 
flow, on the other hand, it starts to decrease gradually 
already at much larger plate distances, far into regime IV. 
This is explained by the fact that the polymers have a 
tendency to concentrate near the center of the slit where, 
different from Couette flow, in Poiseuille flow the shear 
rate vanishes. However, these dynamic properties do not 
seem to show an interesting scaling behavior, and for this 
reason are not considered here. 

This paper is devoted to polymer chains in an athermal 
solvent confined to a slit. The boundaries are two parallel 
plates a distance L apart. Values of L considered will be 
less than the characteristic length of the polymer coil, [. 
A customary identification of 6 is with the root-mean- 
square end-to-end distance, ( R 2 )  112, or root-mean-square 
radius of gyration, (Rg2>'12, of the coil. Daoud and de 
Gennes14J5 predicted the following scaling behavior for 
the component of 5 parallel to the walls, 511, in the regime 
E>L 

5,1 Ny(2)~-[Y(2)lY(3)-11 (3) 
where v(3) and 4 2 )  are the well-known excluded-volume 
exponents of any quantity that characterizes the size of 
the polymer coil in three- and two-dimensional space, 
respectively, and N is the number of chain segments. A 
similar relation is found for a tube geometry except that 
42) has to be replaced by the one-dimensional value v(1) 
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and the monomer density at the wall for the same regime 
I will be introduced in the next section. 

1 0 . 4  

-A 
Figure 1. Illustration of the definition of the various regimes 
basedontheschematicbehavior of (Ra)l(R,2)0,theratiobetween 
the value of the mean-square radius of gyration in the confined 
and the unconfined situation, and (cos2 a), the orientation 
function of the longest principal component, as a function of A 
= LINOJ3. 

= 1. As is well-known, the general expression for the Flory 
exponent is given by u(d) = 3/(d + 2). In several 
publications the agreement between eq 3, exact enumer- 
ation, and Monte Carlo simulation results is found to be 
satisfactory.16-1g Monte Carlo results for self-avoiding 
walks in tubes are also found to satisfy the corresponding 
scaling.20 

A basic problem is the definition of the exact regime 
where the transition between three-dimensional and two- 
dimensional behavior occurs and where the scaling rela- 
tions are supposed to hold. The problem is analyzed here 
in terms of a scaled distance A between the walls, where 
A is defined as 

A I L/N"(3) (4) 
In a previous publicationll we showed that the polymer 

coil, being an ellipsoidal shaped object, orientates for A 
I 2.5. It is squeezed for A I 1.5. The squeezing starts 
with a decrease of the mean-square radius of gyration (R:) 
and its principal components. Eventually, when A I 1, 
the values for the square radius of gyration and the two 
largest principal components increase until the limiting 
two-dimensional values for these quantities are reached 
for A - 0. In the limit A - 0 the smallest principal 
component disappears. A minimum of (R:) and its 
principal components as a function of A is found at Amin 
= 1. A smaller minimum is also found for the end-to-end 
distance as a function of L by Monte Carlo studies21 and 
exact enumeration methods.16 

From this discussion it is clear that the four regimes 
mentioned before can in terms of A be defined as follows: 

Regime IV (A 1 2.5): The conformations of the polymer 
coil are on the average not influenced by the presence of 
the walls. 

Regime I11 (1.5 I A I 2.5): The coil starts to orientate, 
but the average shape is still close to the unconfined 
situation. 

Regime I1 (1 I A I 1.5): The values of all three principal 
components are reduced; the coil is squeezed. 

Regime I (A I 1): The coil is deformed even more, and 
the characteristic lengths of the chain, e.g., the radius of 
gyration, its principal components, and the end-to-end 
distance, monotonously go to their two-dimensional values. 

Figure 1 gives an illustration of the various regimes. In 
this paper regimes I and I1 are considered in some detail. 
A priori it is clear that eq 3 is unambiguously applicable 
only to regime I. Scaling equations for the osmotic pressure 

Scaling Relations 

The border between regimes I and I1 is defined by the 
minimum in the characteristic size of the polymer coil. As 
shown before, this minimum occurs at Amh = 1 and hence 

Lmh N w'3' (5) 
This scaling behavior of L- is found from the Monte 
Carlo data of (Rg2) and ( R 2 )  for SAW'S on a cubic lattice 
for a wide range of chain lengths, the number of steps, N, 
of the SAWS varying from N = 19 to N = 639." For a 
Monte Carlo simulation study of SAWS confined in a slit 
on a tetrahedral lattice Ishinabe18 found that the value of 
L for which (R2) reaches its minimum is a linear function 
of N for values of N ranging from 10 to 100. This difference 
is probably due to the limited range of chain lengths 
considered. 

The scaling of the reduced osmotic pressure 11* = II! 
kBTof a single coil in a slit can be derived from the equation 
for the reduced free energy f* = f/kBT of a single coil, 
which, according to Daoud and de Gennes,14Js is given by 

(7) 

where A is the surface area of the boundary walls. For the 
case of a confined random walk, the osmotic pressure is 
known exactly22 and is given by 

r2Nb2 n* = - 
3AL3 

where b is the step length of the random walk and A is the 
surface of the two confining parallel plates situated at a 
distance L from each other. Comparison of eq 7 and 8 
shows that they agree for 43) = 0.5, the random walk 
value. 

Closely related to the osmotic pressure is the density of 
monomers at the plate. In a continuous system, as opposed 
to the lattice model employed here, the osmotic pressure 
in a confined system is related to the monomer density at 
the walls by the so-called wall theorem,231~~ which asserts 
that the density of monomers at contact with the wall, 
p(O), is related to the osmotic pressure 11 and temperature 
T by the ideal gas equation; i.e. 

n = kBTp(0) (9) 
The validity of this equation automatically implies that 
II and p ( 0 )  satisfy the same scaling relations. For a lattice 
model eq 8 is no longer valid and has to be replaced by an 
expression first derived by D i ~ k m a n ~ ~  and which will be 
discussed in some detail in the next section. Here we only 
notice that as long as the system is sufficiently dilute, as 
is obviously the case for a single chain in a good solvent, 
the fact that a lattice is used to simulate the system seems 
not a real restriction. Consequently, for this case we expect 
the same scaling behavior for ( ~ ( 1 ) )  and II, i.e. 

(p( l ) )  ~ ~ - [ 1 1 ~ ( 3 ) + 1 1  (10) 
where the argument 1 indicates the lattice layer adjacent 
to the plate and ( ) denotes the average over all possible 
conformations. 
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integration of eq 13. In the Metropolis procedure each 
configuration is accepted with probability p = min 
(l,h[Am(l)l), where Am(1) is the change in the number of 
segments at z = 1 due to this reptation move. Details of 
the method can be found in Dickman’s article% and in a 
review on Monte Carlo simulations of lattice chains and 
references therein.26 

Here we will use an adaptation of eqs 12 and 13 because 
of the very low segment densities considered: at the highest 
0.9%, in contrast with Dickman’s work where a segment 
density of at least 23 74 was used.25 Equation 12 is replaced 
by 

II* = K(d-l)+ln 2 Q(L) - In ~ ( ~ - 2 1 1  (14) 

and eq 13 by 

Model and Simulation Method 
Monte Carlo simulations of a SAW on a simple cubic 

lattice with periodic boundary conditions in the x -  and 
y-direction were performed. The two parallel walls were 
perpendicular to the z-axis. The length of the lattice in 
the directions with periodic boundary conditions varied 
with the chain length considered. In all cases, this length 
exceeded the root-mean-square end-to-end distance of the 
SAW. In the case of the longest chain length, N = 320, 
the length of the lattice in the x-  and y-direction was, for 
instance, 66. The data on osmotic pressures and the 
number of segments in the lattice layers adjacent to the 
walls, were obtained for two chain lengths. The number 
of steps of the SAW’S considered were N = 150 and N = 
320. For the shortest distance between the walls the 
densities, expressed as the fraction of lattice sites occupied, 
varied between 0.4% for N = 150 and 0.9% for N = 320. 
With larger distances between the walls the densities were 
correspondingly lower. For each chain length considered, 
the lattice length in the x -  and y-direction was fixed. The 
largest distance between walls for which data were 
computed was L = 33 for N = 150 and L = 41 for N = 320. 
For each chain length and distance between the walls, a 
representative sample was obtained by the reptation 
algorithm. To speed up equilibration, chain growth and 
reptation took place simultaneously. 

The first 200 OOO attempted moves after completion of 
chain growth were ignored. From the subsequent interval 
of 80 OOO attempted moves 51, at equally spaced intervals, 
quantities of interest were calculated and averaged af- 
terward. This procedure was repeated for 10-30 inde- 
pendent runs. After averaging again the statistical errors 
were calculated as usual from the averages per run. 

The component of the mean-square radius of gyration, 
(Rgi12), and the mean-square end-to-end distance, (Rl12), 
parallel to the walls were calculated for A < 1 (regime I) 
for eight chain lengths with N = 19-639. 

The calculation of the reduced osmotic pressure, II*, 
for the lattice chains was performed by a slightly adapted 
version of Dickman’s a l g o ~ i t h m . ~ ~ ~ ~ ~  In a continuous space 
model II* is given by 

where Q(L) is the canonical partition function for a slit 
with diameter L, K is the length of the lattice in the periodic 
directions, and d is the spatial dimension. For a lattice 
Dickman replaced eq 8 by its discrete analog 

(12) [In Q(L) - In Q(L-l)l n* = K ( d - 1 )  

Equation 12 can be transformed into25 

(13) 

Here m(1,X) is the number of monomers in layer 1 adjacent 
to one of the parallel plates if an additional repulsive 
potential is present in this layer, giving rise to a factor X 
I 1 in the partition function for each monomer in this 
layer. Expression 13 for the osmotic pressure clearly shows 
that, at  least at high densities, Il* and ( ~ ( 1 ) )  cannot scale 
in the same way. As pointed out by Dickman,% Il* diverges 
in the limit of a fully occupied lattice, for which p(1,X) = 
Wd-l)m(l,X) = 1 irrespective of the value of A. Application 
of the Metropolis sampling scheme with the aforemen- 
tioned reptation algorithm to generate configurations of 
the system can now be used to calculate (m(1,X)) for 
various values of X and L. lI* is calculated via numerical 

withM(X) = (m(1,X)) + (m(L-l,X)), and m(L-1,X) is the 
number of segments in the lattice layer at z = L - 1, near 
the wall at z = L, for a given conformation and a given 
value of A. Of course, the repulsive potential is now applied 
to both boundary layers. It is clear that the numerical 
accuracy of eq 14 is less than that of eq 12, since the 
differentiation step is twice as large as that in eq 12. The 
number of segments used in eq 15 is on average twice as 
large as that in eq 13. Therefore, with eq 15 statistical 
errors in II* are less than with eq 13. For the very low 
segment densities dealt with here, the use of eq 15 is 
preferred. Then the acceptance probability of a config- 
uration in the Metropolis procedure should be modified 
top = min (l,XM), where AMis the change in thenumber 
of segments at z = 1 and z = L - 1 accompanying the 
attempted reptation move. 

The values of M(h)lh were obtained for 10 values of A, 
X = 0.1,0.2,0.3, ..., 1. The number of independent runs 
was varied from 10 to 30, in descending order for X and 
in ascending order for L. In this order the segment density 
at  the walls decreases. Hence, an increasing number of 
runs is needed to get reliable results for M(h)/X. 

The results of the Monte Carlo simulations are used to 
obtain scaling relations as a function of the chain length 
N and the slit width L. The scaling exponents were 
obtained by linear regression according to 

(In (4) = In (A) + B In (I) (16) 
where J is the measured quantity, I is the independent 
variable (here L or N), A is the intercept of the line, and 
B is the scaling exponent for J as a function of I. The 
values of I are exactly known; the values of (J) have a 
statistical error (standard derivation) u J. From elementary 
statistics it follows that (In (4) and its statistical error, 
uln (J) (uJ/(J) << 11, are 

The values of (In (4) and q,, (a obtained by eq 17 were 
used in the linear regression procedure. The numerical 
procedure to perform the linear regression as well as the 
ways to judge the goodness of the fit is described in Nu- 
merical Recipes and references therein.27 
Simulation Results and Discussion 

The scaling exponents obtained are presented in Table 
I. The values of (RgS2) and (R112) were obtained for A < 
1. The results are presented in Table 11. The scaling 
exponent with respect to N for 11i2 is expected to be w = 
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Table I 
Scaling Exponents. 

scaling equations data 
L N L N 

-2[v(2)/v(3) - 11 242) MC -0.55 f 0.04 1.47 f 0.03 
FL -0.5 1.5 

FL -0.5 1.5 
( R ~ I I ' )  -2[~(2)/~(3)  - 11 242) MC -0.54 f 0.02 1.45 f 0.02 

(p(l)) /N [v(3) + 11 0 MC -2.51 iO.07 

II*/N 

-- 
v(3) FL -2.67 0 

4 3 )  FL -2.67 0 

[43) + 11 0 MC -2.76 f 0.04 -- 

(I MC indicates the Monte Carlo results; FL indicates the results 
with 4 2 )  = 3/4 and v(3) = 3/5 substituted in the scaling equations. 

Table I1 
Parallel Components of B and IF 
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N L (R112) (S112) 
19 3 2 0 f 2  3.1 f 0.2 
19 5 1 4 f 2  2.3 f 0.1 
39 3 54 f 5 8.4 f 0.3 
39 5 4 2 f 4  6.2 f 0.4 
59 5 71 * 7 10.9 f 0.8 
59 9 58 f 6 8.99 f 0.6 
79 3 158 f 23 22.7 f 1.6 
79 5 123 f 11 17.6 f 1.0 
79 9 81 f 7 12.7 f 0.6 

150 5 317 f 32 43.4 f 2.1 
150 9 203 f 27 31.5 f 2.2 
150 17 184 f 22 27.4 f 2.0 
159 3 445 f 27 66.2 f 1.4 
159 5 312 f 58 48.1 f 6.1 
159 9 232 f 25 33.7 f 1.4 
159 17 181 f 16 29.2 f 2.4 
319 5 913 f 83 128.5 f 11.8 
319 9 649 f 78 91.8 f 10.1 
319 17 428 f 34 65.2 f 4.6 
639 5 2592 f 355 387.2 f 37.0 
639 9 1833 f 376 269.0 f 42.0 
639 17 1372 f 302 197.7 f 35.5 
639 33 963 f 179 143.0 f 19.1 

2 4 2 ) .  With respect to L the scaling exponent for is 
expected to be 8 = -2[v(2)/v(3) - 11 (eq 1). The Flory 
exponents were substituted in the equations for w and B. 
These values of w and B were used as starting values in an 
iterative procedure to obtain precise values of w and 0. 
First, (In (Rg112/NY)) and (In (Rl12/NY)) are fitted against 
In (L), obtaining an estimated value for the scaling 
exponent, 8, of L. Then, B is used to get an improved value 
of w in a fit of (In (R,112L4)) and (In (R112L4)) against In 
(N). The next iteration step starts with a fit of (In (R,I 

improved scaling exponent w. The criterion to stop the 
iteration is that the change in the value of both w and B 
from one fit to the comparable fit in the next iteration is 
smaller than the smallest statistical significant digit. This 
point is reached here after two iteration steps. The 
procedure of course can also be started the other way 
around: initializing the iteration with a fit of (In (R,112L4) ) 
and (In (Rl12L4)) against In (N). The same final results 
for 0 and w were obtained then, within the same number 
of iteration steps. 

From Table I it is clear that values for both w and B are 
close to the values which are obtained by substitution of 
the Flory exponents in eq 1. This was already observed 
before for both lattice16-18 and off-lattice chains.lg The 
data presented here are, however, more conclusive. First, 
the regime for which eq 1 is valid is explicitly recognized 
to be regime I with A < 1. Second, the range of chain 
lengths and slit widths is much larger than has been studied 

Nu)) and (In (R112/NY)) against In (L), with the use o f t  h'/ e 

l o r  
1 1 ~ ~ 1 0 ~  

t 5  

0 25 50 
-L 

Figure 2. ZIN as a function of L: (0) N = 150; (0) N = 320. For 
L = 9 data points not shown are N = 150, IIN = 2.42 X 1 0 - 2  and 
N = 320, IIN = 2.34 X 

0 25 50 
-L 

Figure 3. (m(1) )IN as a function of L: (0) N = 150; (0) = 320. 
For L = 9 data points not shown are N = 150, ( m ( l ) ) / N  = 7.4 
X 10-2, and N = 320, ( m ( l ) ) / N  = 7.9 X 

so far. Third, we present values for both w and B for (R,1I2) 
as well as (R 2 ) .  So far B only has been given for (E2) and 

quantitiesandnot (R:) and ( R 2 )  (eq l).13J4 Nevertheless, 
for very long chains and very small slit widths one would 
expect the same results for the scaling exponents B and w, 
irrespective of whether (R,1I2) and (R112) or (R:) and ( R 2 )  
are used. Convergence to the correct scaling exponents, 
however, might occur for shorter chains and larger slit 
widths with the proper quantities. 

In Figure 2 I / N  is plotted against L, with 11* - I and 
I equal to the integral over M(X)/X in eq 15. From Figure 
2 it is clear that data for N = 150 and for N = 320 neatly 
collapse on a single universal curve as expected from eq 
7. The values of U*/N for N = 150, and N = 320 available 
for a single slit width, were averaged and used in the 
calculation of the statistical error in the average value. 
The so averaged values of II*/N were used to obtain the 
scaling exponent with respect to L (eqs 16 and 17). The 
fit is performed for seven averaged data points (see also 
Figure 2).  The scaling exponent is slightly higher than 
the exponent calculated with the Flory exponents (Table 
I). It should be noted that II* increases with decreasing 
L, in both regimes I1 and I. 

Recent lattice Monte Carlo simulations on polymer 
systems corroborated scaling predictions of osmotic pres- 
sure related quantities,2g30 which gives confidence in Dick- 
man's25 procedure for the calculation of II*. Qualitatively, 
our Monte Carlo data on the osmotic pressure are in 
agreement with data on the free energy obtained by an 
exact enumeration method.31 

In Figure 3, the normalized average number of monomers 
in the lattice plane adjacent to the wall (m(l)) /Nis  plotted 
against L. Also here data for N = 150 and N = 320 nicely 
collapse on a single universal curve as expected from eq 

not for (RII 1 ), but (R,1I2) and (R112) are the relevant 
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indicates that the scaling exponent with respect to N equals 
1,  as expected from eqs 7 and 10. 
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(l))/II* as a function of II*, which is reflected in the small 
difference in the exponent of the L-dependence of ( p -  
(1) ) lN and n*/N (Table I). 

Concluding Remarks 
Since in our simulations the subspace of the slit 

perpendicular to the constraint is supposed to be infinite, 
one should be careful not to introduce finite size effects 
due to the periodic boundary conditions of the lattice.32 
There is excellent agreement between scaling predictions 
on (R,l12) and (R1l2) and the Monte Carlo results for a 
rather extensive batch of data. Therefore, the requirement 
that the length of the lattice in the periodic directions is 
larger than the root-mean-square end-to-end distance of 
the SAW seems a sufficient condition to assure virtual 
infiniteness of the periodic subspace of the lattice. 

The scaling exponents for the osmotic pressure and the 
number of segments at the wall obtained by Monte Carlo 
simulations are in good agreement with scaling predictions 
using the Flory exponent v(d) = 3/(d + 2). For the osmotic 
pressure and the number of segments at the walls, scaling 
exponents for N were not obtained explicitly, since only 
two chain lengths were studied. Nevertheless, from 
Figures 2 and 3 it is clear that the osmotic pressure and 
the number of segments divided by N collapse neatly on 
a single curve for the two different chain lengths. This 


